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Abstract
The process of protons transport in molecular water chains is of fundamental interest for many
biological systems. Although many features of such systems can be analyzed using large-scale com-
putational modeling, other features are better understood in terms of simplified model problems.
Here we have tested, analytically and numerically, a model describing the classical proton hopping
process in molecular water chains. In order to capture the main features of the proton hopping pro-
cess in such molecular chains, we use a simplified model for our analysis. In particular, our discrete
model describes a 1D chain of water molecules situated in an external protein channel structure,
and each water molecule is allowed to oscillate around its equilibrium point in this system, while
the protons are allowed to move along the line of neighboring oxygen atoms. The occurrence and
properties of nonlinear solitary transport structures, allowing for much faster proton transport, are
discussed, and the possible implications of these findings for biological systems are emphasized.
∗ Also at: Institute of Applied Physics, Russian Academy of Sciences, 603950 Nizhny Novgorod, Russia
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I. INTRODUCTION
In many biological reactions, for example in trans-membrane electron transport in pro-
teins, or protein complexes [1, 2], like cytochrome oxidase [3], bc1 complex [4], or photo-
synthetic reaction centers (PRC) [5], proton transport is an important part of the overall
reaction. In general, an understanding of charge transport on the micro- and nanoscale is
of great interest in a wide variety of fields (see, e.g., [6]). The transfer of protons often
takes place in special proton conducting channels inside the proteins. These channels con-
sist of several amino acids with protonable groups, facing into the channels, that are able to
transfer proton between each other. These groups are connected by a chain of around two
to five mobile water molecules; this is the chain along which the proton-transport occurs
by the Grotthuss mechanism. Recently, a putative proton-conducting channel in PS II was
identified from structural analyses [7, 8]. It was argued that this channel is filled with water
and that the proton transport is based on the Grotthuss mechanism.
It was further proposed that some amino acid residues on the surface of the channel,
located in a hydrophilic pocket, may facilitate an efficient proton removal from the water
oxidation center, by creating a proton accepting network [9]. Whatever organization the
proton conducting pathway may have, it is believed that the removal from the catalytic
Mn4Ca metal center of the protons formed during the oxidation of water is highly important,
in order to optimize the energetics for electron abstraction from the Mn4Ca catalytic center
[10, 11]. Even small delays or disturbances in the photochemical reactions will ultimately
lead to photoinduced destruction of the reaction centers.
Unfortunately, based on the known structure of the channel it is hard to make precise
predictions how proton transfer actually occurs, and thus different mechanisms could be
considered.
Proton transfer in water has been extensively studied numerically [12]. It has been
shown that the transport of protons in chains of water could occur either as a random
walk between water molecules or as propagation of solitary structures [1, 13–16]. In the
former case the proton is localized to a single water molecule or to a single hydrogen bond
between two molecules. In the latter case the charge associated with the proton is delocalized
between several molecules. Thus the process of proton soliton propagation can be treated
as an activated single-step process with high barrier of activation, whereas the random
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walk transfer can be considered as multi-step diffusion with a comparatively low barrier of
activation (for each single proton hopping event). The actual rate and activation barrier
of the corresponding processes, and therefore which of the processes that actually occur, is
strongly dependent on the actual parameters of the system.
In the current work we analyze how some of the most important parameters of the
system influence the proton transport. In particular, we investigate the parameter regions
that determine the distinction between the above proton transport scenarios. The analysis is
based on the physically motivated model that reflects all the basic properties of the transfer
process. Such a model can be modified in a straightforward manner in order to encompass
further parameters of the process as well to make predictions for more more complicated
setups. Finally, we discuss the results in light of certain biological systems.
II. BASIC EQUATIONS
We consider a chain of water molecules squeezed into a channel inside a protein. Each
molecule is bounded to the protein by means of a hydrogen bond, and the molecule can thus
only oscillate weakly around an equilibrium point. For the sake of simplicity we assume that
it has only one degree of freedom – it is only allowed to oscillate along one direction. There
are also hydrogen bonds between the neighboring molecules, and the hydrogens are localized
between the oxygen atoms. Furthermore, we assume that the proton can move only along
the line connecting neighboring oxygens.
All atoms are considered to be described classically so the precise position of each atom
can be introduced (for a recent discussion of the classical-quantum efficiency in transport for
electrons, see Ref. [17]). At the same time, the forces acting on the atoms should be derived
from treating the electrons quantum mechanically. In this work these forces are described
by a simple model that, while neglecting detailed structures, takes into account the most
significant features of the interaction.
The oxygens atoms are supposed to experience only weak (i.e. linear) oscillations. Thus,
a harmonic approximation for this motion can be made. As for the hydrogens, DFT cal-
culations shows that a hydrogen between two oxygens in the H5O
+
2 complex in the most
cases can be described as a classical particle moving in the double-well potential. The shape
of this potential depends on the distance d between the oxygens. It is also known that
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this potential transforms into a single-well potential if the distance is small enough (this
distance have been shown to have the value ≈ 2.5–2.6 A˚) [19]. Moreover, it is known that
in hydronium (H3O
+) there are additional interactions between the hydrogens that tend to
push them apart. We take all these effects into account using a simple model describing a
one-dimensional water chain. This approach is similar to that used by Stuchebrukhov [18].
Following the above description, we use a Hamiltonian of the form
H(q,Q, φ,Φ) = HO(φ,Φ) +HH(q,Q) +Hint(q, φ) (1)
here q andQ are the coordinates and momenta of the hydrogens, respectively, φ and Φ are the
coordinates and momenta of the oxygens, respectively, HO, HH , Hint are the Hamiltonians
describing the motion of the oxygens, hydrogens and their interaction, respectively. We have
the following form of these Hamiltonians
HO(φ,Φ) =
N∑
i=1
[
Φ2i
2M
+
Mω2O (φi − φ0i )2
2
]
(2)
HH(q,Q) =
N+1∑
i=1
Q2i
2m
+
N∑
i=1
[
mω2H (qi+1 − qi − d)2
2
]
(3)
Hint(q, φ) = V1 (q1, φ1) +
N∑
i=2
V (qi, φi−1, φi) + VN+1 (qN+1, φN) , (4)
where N is the number of molecules involved in the system, m,M are the masses of oxygen
and hydrogen, respectively, kO = Mω
2
O is the coefficient defining the strength of the oxygen-
protein bond, kH = mω
2
H is the coefficient defining the strength of the interaction between
neighboring hydrogens, φ0i is the equilibrium position of oxygen i in the absence of all other
atoms, and d is the equilibrium distance between the oxygens. The function V is the only
non-linear term in this hamiltonian and it describes the motion of the proton in the field of
electrons and nuclei of two neighboring molecules. It should be noted that there is one proton
more than the number of oxygens, which means that we introduce one hydronium molecule
in the chain and the proton transfer will be with respect to the charge associated with
that additional proton. The functions V1 and VN+1 introduced above define the boundary
conditions of our system, and they have the form
V1 (q1, φ1) = mω
2
1
(
q1 − (φ1 − dH)2
)2
(5)
VN+1 (qN+1, φN) = mω
2
1
(
qN+1 − (φN − dH)2
)2
(6)
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Here dH is the equilibrium length of the O− H bond and ω1 is the frequency of the proton
oscillations in the well. The form of the function V is of particular interest. This should
be as simple as possible but still reflect the main features of the interaction: it should be
a double-well function for large enough distances between the oxygens, and a single-well
function for small distances [19]. The distance between each well and the closest oxygen
should remain constant for large enough distances, and the second derivative of the function
in the minima should be a constant. It can be shown that all these requirements are satisfied
by the function
V (qi, φi, φi−1) =
mω2
4B
√
(φi − φi−1 − d0)2 + b2
(
qi − φi + φi−1
2
)2
×
(qi − φi + φi−1
2
)2
−B (φi − φi−1 − d0)
 (7)
Here d0 is the distance between oxygens for which the double-well potential transforms into
a single-well potential, and b is a small parameter that ensures a smooth transition from a
double- to a single-well potential. The ω determines the frequency of the small oscillations in
the wells and the coefficient B determines the potential barrier between them. The potential
barrier is given by
∆V =
mω2B (φi − φi−1 − d0)2
16
√
(φi − φi−1 − d0)2 + b2
, (8)
and the frequency of the small oscillations in the well is
ωV = ω
√√√√ φi − φi−1 − d0√
(φi − φi−1 − d0)2 + b2
. (9)
The distance between minima of the potential grows with the distance between oxygens and
is determined by the expression
a = qmin2 − qmin1 =
√
2B (d− d0). (10)
III. ANALYSIS
As stated above, there are two qualitatively different proton transfer scenarios that could
be realized in our model system: 1) random-walk hopping of protons, or 2) ballistic propa-
gation of delocalized soliton. Beside these two scenarios there are also two trivial regimes:
t1) a stable setup in which no transport occurs, or t2) free-hopping (in which protons are
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freely hopping between the neighboring molecules). In the stable regime (t1) protons don’t
have enough energy to overcome the potential barrier ∆V and all atoms are oscillating near
their initial positions. There are no proton hops and thus no transport. This regime is
observed if the distance d between neighboring oxygens is large. To be more precise, when
the following expression
T +
kHB(d− d0)
2
 ∆V (11)
is satisfied, we have the stable regime.
Here T is the temperature of the protons. We note that d is the subject to a change in
time due to the oxygen oscillations, but it is assumed that those oscillations are weak. The
inequality (11) can be violated either by increasing the temperature or by increasing the
coupling between the protons. Below, we consider both cases independently.
First, let us assume that the temperature dominates over the second term on the left-hand
side of the inequality (11). As the distance d is decreased we reach a point when the proton
energy becomes comparable to the potential barrier. As soon as this happens a proton has
the possibility to hop to the neighboring state. If the distance between the water molecules
is not small enough these hops will be a random process, and thus the transport would be a
random-walk diffusion along the water chain. The rate of diffusion depends on the distance
d, temperature T and coupling constants kO and kH .
Let us derive an estimation for diffusion coefficient. It is well known that for a one-
dimensional random-walk process, the diffusion coefficient can be written down as
D =
d2
2τ
. (12)
Here d is the size of one step (in our system it is the distance between two neighboring oxy-
gens) and τ is the average time between two consecutive steps. The latter can be estimated
according to
τ = ω−1V exp
∆U
T
, (13)
where ωV is the frequency of the hydrogen oscillations in the minima of the function V , as
given by expression (9), ∆U is the potential barrier which proton should overcome in order
to make a hop, and T is the temperature. The expression (13) follows from the fact that the
probability of the proton to have energy greater than ∆U is exp
(
−∆U
T
)
. The main problem
here is to estimate ∆U . At zero approximation it just equals to the potential barrier of the
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V function given by the expression (8). We will also take into account that it is affected by
proton interactions so that
∆U = ∆V + ∆UH (14)
Considering a single proton in the potential of the neighboring protons (the latter assumed
to be fixed), it will have minimal potential energy at the equidistant point between the other
two protons. The difference between the minimal proton energy and the minimum of the
potential V is given by
∆UH = −kH
(
d2 − a
2
2
)
(15)
here a is the same as in (10). Additionally, due to the oxygen motion the effective distance
between neighboring oxygens may be smaller than d. The amplitude of their oscillations
depends on the temperature and the coupling constant kO as
AO =
√
2T
kO
. (16)
Thus, the effective distance can be estimated to be
deff = d−
√
〈(φi − φ0i )2〉 = d−
AO√
2
= d−
√
T
kO
, (17)
here angular brackets denotes the ensemble average. A change in the effective distance will
affect the potential V and therefore decrease ∆V . Finally, the diffusion coefficient can be
given as
D =
ωd2
2
exp
(mω
2B/16)
(
d−
√
T
kO
− d0
)
− kH
(
d2 − a2
2
)
T
 (18)
(here b is neglected as it is assumed to be much smaller than d− d0).
Let us now consider the case (t2). If the distance d is decreased further, such as the
proton energy becomes much greater than the potential barrier, the protons begin to freely
hop between the molecules as if there were no barriers present in the system. In this case
the behavior of the protons in the system becomes considerably more complex as compared
to the aforementioned case.
The qualitative description given above can be illustrated by means of numerical simula-
tion, starting from the hamiltonian (1) in order to obtain the equations of motion. We use
a conventional Runge-Kutta method of the fourth order to solve the equations of motion.
The number of molecules in the chain was chosen to be N = 11, with the hydronium ini-
tially situated at the center of the chain. The oxygens were put at the positions φ0i and the
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FIG. 1. The dynamics of the system. A color referred to the position of the proton. Red means
that it is closer to the left oxygen, blue – to the right. Leftmost picture – stable regime, central –
random walks, rightmost – free hopping. The main parameters of the runs are given at the main
text the coupling constant kH = 0.1. All parameters except distance d are the same for all runs.
hydrogens were situated at the minima of the potential function V . In order to introduce
a finite temperature into the system, all the atoms in the simulations were given an initial
random momentum with a mean energy corresponding to the temperature of interest. In
order to have representative results, a Monte-Carlo scheme was applied: several runs (of the
order of ten) with the same parameters but different initial conditions were performed.
The parameters were subject to change but for the sake of simplicity we fixed several of
them: ω2 = 0.8 fs−2, ω21 = 0.4 fs
−2, B = 0.2 A˚, b = 10−6 A˚, d0 = 2.5 A˚. The temperature
determined by initial momenta of the particles was equal to 300 K in all runs.
In order to distinguish between different regimes, we introduce two types of diagnostics.
First, we have a simple analysis of the charge dynamics in the system. For each proton we
introduce the parameter
xi = qi − φi + φi−1
2
. (19)
Thus, if xi < 0 the i-th proton is in the leftmost part of the potential function V . For
xi ≥ 0 the opposite holds. Initially there are 6 protons with xi > 0 and 6 protons with
xi < 0. One could also introduce a continuous function x(q) as an interpolation between
the discrete values xi(qi), such that the point for which x(q) = 0 approximately depicts the
position of the charge along the line of transport. In Fig. 1 the resulting dynamics of the
charge obtained through this method is shown. All the different regimes are easily identified.
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However, this picture does not allow for an analysis of the average over several runs, and is
thus hard to use for investigating the dependence on parameters of the transport process.
In order to analyze the averaged behavior we use another technique, based on the fourier
analysis of the particle dynamics. In the stable regime, where particles weakly oscillate
around equilibrium positions, the spectrum of these oscillations has well defined peaks de-
termined by the frequency of the oscillations. As the distance d decreases the oscillations
become more intense and thus the nonlinearity of the interactions come into play, thus giving
the spectrum a broadening. This broadening becomes even more pronounced when hopping
takes place. Additionally, new spectral lines can appear connected to the characteristic pro-
ton hopping frequency between the wells. These lines are dominating in the free-hopping
regime. Therefore, the spectrum shows significant changes as the parameters are changed.
These changes are easily recognized at Fig. 2.
Based on the above technique the dependence on the parameters can be analyzed. In
Fig. 3 the dependence of the fourier spectra on the initial distance between the oxygens is
shown. As the distance decreases there is a cleat transition from the stable regime to the
free-hopping regime through random-walks.
As we can see there is no soliton regime if temperature is dominating over the coupling
parameter. This is of course an expected result. Let us consider now the opposite case for
which
T  kHB(d− d0)
2
(20)
For the fixed temperature this can be achieved by increasing of coupling constant kH . The
dynamics of the system for low and high kH are shown at Fig. 4. As expected, for strong
coupling the random walk regime transforms into a soliton regime in which the proton
transport is much faster. It is accompanied by broadening of the proton spectra due to
nonlinear nature of the solitons.
IV. CONCLUSIONS
In the current work we have analyzed the different regimes of proton transport in water
chains. The analysis is based on a simplified one-dimensional model. The proposed model
reflects some of the important and basic properties of the transport process. In particular,
it allows for distinguishing four different regimes of interaction: stable, random-walks, free-
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FIG. 2. The fourier spectra of the protons and oxygens averaged over all the particles for different
initial distances d between oxygens. d = 2.80 A˚ (blue lines) refers to the stable regime. Several
peaks are observed: low-frequency peak at 0.03 fs−1 is due to oxygen motion; high-frequency peaks
at 0.095 fs−1 and 0.115 fs−1 are due to proton oscillations in the wells of potentials V1 (and VN+1)
and V correspondingly; and finally, high-frequency peaks between 0.14 fs−1 and 0.17 fs−1 are
normal modes of the collective proton oscillations due to interaction between them. d = 2.55 A˚
(red lines) refers to the random-walk regime, and the lines are broadened due to the inherent
nonlinearity of the system. d = 2.52 A˚ (green lines) refers to the free hopping scenario. Here
the spectra are even more broad and dominated by intermediate frequencies, determined by the
characteristic hopping time.
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FIG. 3. The fourier spectra of the protons (upper panel) and oxygens (lower panel) motion averaged
over all the particles and all runs as a function of the distance between the oxygens. The parameters
are the same as for Fig. 1
hopping and solitons. These regimes all have distinct characteristics concerning the transport
of protons; in particular, the speed of the transport process is strongly affected by the mode
of transport. The model also provides important information on how the transition from
one regime to another depends on the system parameters. If the temperature is low and
the coupling between protons is weak, the system is stable and no transport occurs. If the
proton energy is comparable to the potential barrier between neighboring molecules two
limiting cases can be observed. The first case is realized if the temperature dominates over
the coupling. In this case the proton can eventually hop from a hydronium to a neighboring
water molecule, and thus the charge transport can be treated as a random-walks. In the
opposite case of dominating coupling a soliton is formed in the system and the transport is
due to the ballistic propagation of such a proton soliton along the transport direction. And
the fourth regime, i.e. free hopping, is observed in the case of low potential barrier and high
11
FIG. 4. The upper panel: the same as at Fig. 1 but for different kH . The distance between oxygens
d = 2.56 A˚ is the same for both runs. The lower panel: the fourier spectra of the protons motion
averaged over all the protons for the same runs.
temperature (as compared to the coupling strength). Protons can freely move between the
neighboring molecules by instantaneous hopping from one to another. This latter regime is
very unlikely to be realized in any real system at room temperature.
Which of the regimes that occurs in a real system of course depends strongly on the
detailed parameters of that particular system. The model used in this work can easily be
made more complex and be adapted to different systems. For example, the oscillations can
be considered to be three-dimensional and all the potentials involved can be evaluated using
e.g. DFT techniques. This will bring the model closer to the reality allowing for more
accurate analysis of the particular system of the interest. Such an analysis is left for future
12
research.
[1] A. A. Stuchebrukhov, J. Theor. Comput. Chem. 2, 91 (2003).
[2] W. Cramer and D. Knaff, Energy transduction in biological membranes: a textbook of bioen-
ergetics, Springer advanced texts in chemistry (Springer-Verlag, 1990) ISBN 9780387967615,
http://books.google.com/books?id=02nwAAAAMAAJ.
[3] M. Wikstro¨m, Current Opinion in Structural Biology 8, 480 (1998), ISSN 0959-
440X, http://www.sciencedirect.com/science/article/B6VS6-45478N7-17/2/
0df200f6365496a4766fd74f2c430edf.
[4] E. A. Berry, M. Guergova-Kuras, L.-s. Huang, and A. R.
Crofts, Annual Review of Biochemistry 69, 1005 (2000),
http://www.annualreviews.org/doi/pdf/10.1146/annurev.biochem.69.1.1005, http:
//www.annualreviews.org/doi/abs/10.1146/annurev.biochem.69.1.1005.
[5] M. Y. Okamura, M. L. Paddock, M. S. Graige, and G. Feher, Biochimica et Biophysica Acta
(BBA) - Bioenergetics 1458, 148 (2000), ISSN 0005-2728, http://www.sciencedirect.com/
science/article/B6T1S-408TJK8-B/2/91bf534b569a2f09bfce22a95ba44721.
[6] P. Ha¨nggi and F. Marchesoni, Reviews of Modern Physics 81, 387 (2009).
[7] A. Guskov, J. Kern, A. Gabdulkhakov, M. Broser, A. Zouni, and W. Saenger, Nat Struct Mol
Biol 16, 334 (2009).
[8] A. Gabdulkhakov, A. Guskov, M. Broser, J. Kern, F. Muh, W. Saenger, and A. Zouni, Struc-
ture 17, 1223 (2009), ISSN 0969-2126, http://www.sciencedirect.com/science/article/
B6VSR-4X6DSSG-C/2/5fe591e34a91f8b4d27913428ade0f05.
[9] T. Shutova, V. V. Klimov, B. Andersson, and G. Samuelsson, Biochimica et Biophysica
Acta (BBA) - Bioenergetics 1767, 434 (2007), ISSN 0005-2728, structure and Function
of Photosystems, http://www.sciencedirect.com/science/article/B6T1S-4N0PPWF-5/
2/28ba791acbe4ad7e466396f24800c7ae.
[10] L. I. Krishtalik, Biofizika 34, 883 (1989).
[11] M. Haumann, P. Liebisch, C. Mueller, M. Barra, M. Grabolle, and H. Dau, Science 310, 1019
(2005).
[12] D. Marx, ChemPhysChem 7, 1848 (2006), http://www.sciencedirect.com/science/
13
article/B6T1S-408TJK8-B/2/91bf534b569a2f09bfce22a95ba44721.
[13] A. S. Davydov, Journal of Theoretical Biology 38, 559 (1973), ISSN 0022-
5193, http://www.sciencedirect.com/science/article/B6WMD-4F1Y9M7-TR/2/
6d86541cc8643f03b14be9fe1ab52d15.
[14] A. Davydov, Journal of Theoretical Biology 66, 379 (1977), ISSN 0022-
5193, http://www.sciencedirect.com/science/article/B6WMD-4J8CPMY-B/2/
fefb817d17d8ee3b0a665efa6000a0a7.
[15] V. Y. Antonchenko, A. S. Davydov, and A. V. Zolotariuk, Phys. Status Solidi B 115, 631
(1983).
[16] T. Bountis, Proton transfer in hydrogen-bonded systems, NATO ASI series: Physics ((Plenum
Press), 1992) ISBN 9780306442162, http://books.google.com/books?id=SlAsAAAAYAAJ.
[17] J.S. Briggs and A. Eisfeld, Physical Review E 83, 051911 (2011).
[18] A. A. Stuchebrukhov, Phys. Rev. E 79, 031927 (Mar 2009).
[19] M. A. Lill and V. Helms, J. Chem. Phys. 115, 7985 (Nov. 2001).
14
